Abstract. We prove that there exist hypersurfaces that contain a given closed subscheme Z of the projective space over a finite field and intersect a given smooth scheme X off of Z smoothly, if the intersection V = Z ∩ X is smooth. Furthermore, we can give a bound on the dimension of the singular locus of the hypersurface section and prescribe finitely many local conditions on the hypersurface. This is an analogue of a Bertini theorem of Bloch over finite fields and is proved using Poonen's closed point sieve. We also show a similar theorem for the case where V is not smooth.
Introduction
The classical Bertini theorem over infinite fields guarantee the existence of a smooth hypersurface section for a smooth subscheme X of the projective space. For a given closed subvariety Z ⊆ X, Bloch showed that the hypersurface can be assumed to contain Z, if V = Z ∩ X is smooth and 2p > dim X, where 1 < p is the codimension of Z in X ( [Blo71] ). If the condition on the dimension is not fulfilled, this does not hold anymore. But Bloch showed that there still exists a hypersurface section Y of X such that the singular locus of Y is smooth, contained in Z and of dimension n − 2p. Over finite fields, Poonen proved an analogue for the case where V is smooth and 2 dim V < dim X ( [Poo08] ); here Z is a closed subscheme of the projective space. In this paper, we generalize this and show an analogue over finite fields of Bloch's result for 2 dim V ≥ dim X, where we also add the possibility to impose finitely many local conditions on the hypersurface (Theorem 2.1).
Furthermore, we show that if the intersection V is not smooth and 2 dim V = dim X, there exists a hypersurface H containing Z and intersecting X off of Z smoothly, such that the singular locus of H ∩ X consists at most of finitely many points. We use Poonen's closed point sieve (cf. [Poo04] ) to prove this, and also prescribe finitely many local conditions on the hypersurface (Theorem 3.1).
We use the following notation: let F q be a finite field of q = p a elements. Let
For a scheme X of finite type over F q , we define the zeta function of X as
This product converges for Re(s) > dim X. Let Z be a fixed closed subscheme of P n = P n Fq . For d ∈ Z ≥0 let I d be the F q -subspace of polynomials f ∈ S d vanishing on Z, and I homog = d≥0 I d . For a polynomial f ∈ I d let H f = Proj(S/(f )) be the hypersurface defined by f .
As in Poonen's paper ([Poo08]), we want to measure the density of a set of polynomials within the space of polynomials vanishing on Z, and define the density relative to the closed subscheme Z of a subset P ⊆ I homog to be
if the limit exists.
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Results for V smooth
Following [Poo04] , we want to prescribe finitely many local conditions on the hypersurface. For this, let Y be a finite subscheme of P n . For a polynomial
is the smallest j ∈ {0, 1, . . . , n} such that the coordinate x j is invertible on Y i .
Theorem 2.1. Let X be a quasi-projective subscheme of P n and Y a finite subscheme of P n such that
Assume that the intersection V := Z ∩U is smooth of dimension l such that 2l ≤ m+k where k ∈ Z ≥0 . Define
In particular, there exists a hypersurface H containing Z, defined by a polynomial f such that f Y ∈ T and such that the singular locus of the hypersurface section is contained in Z and at most of dimension k. The existence of such a hypersurface has been shown for infinite fields as well ([Blo71] , Proposition 1.2).
Remark 2.2. The proof is a closed point sieve as introduced in [Poo04] and is organized as follows: First we look at closed points of low degree, defining the relevant set of polynomials to be
and calculate the density of P r in Lemma 2.4. As in [Poo04] , the argument does not work if we let r tend to infinity before we measure the density. Hence we also need to consider closed points of medium and high degree. We fix c such that
). For closed points of medium degree, let
For closed points of high degree, we differentiate between points on and off of V , and define
such that
and
We will show in 2.6, 2.7 and 2.8, that the error in the approximation that we make by considering P r instead of P tends to zero for r → ∞, i.e. the sets Q medium r , Q high U−V and Q V are of density zero for r → ∞. 2.1. Points of low degree.
Lemma 2.3. Suppose m ⊆ O U is the ideal sheaf of a closed point P ∈ U . Let C ⊆ U be the closed subscheme whose ideal sheaf is m 2 ⊆ O U . Then for any d ∈ Z ≥0 we have
Proof. This is Lemma 2.2 of [Poo08] ; the condition on the dimension is not needed here.
Lemma 2.4 (Singularities of low degree). For P r defined as in Remark 2.2,
Proof. The proof is parallel to the one of Lemma 2.4 in [Wut16] , just use Lemma 2.3 above and
Remark 2.5. Note that the condition on the dimension of V is not needed here, so this proof would work also for points in V , and we would get the same density as in Lemma 2.3 of [Poo08] :
Nevertheless, we cannot ask for smoothness in points on V for the polynomials in P r or P, since the assumption on the dimension in our case, i.e. 2l ≤ m + k, does not imply convergence of the zeta function.
2.2. Points of medium degree. Proof. This is parallel to the proof of Lemma 3.2. of [Poo08] , just ignore points in V . Again, the condition on the dimension is not used to prove this, but it does not work for points in V as the resulting corresponding series does not converge for 2l > m. Proof. This is Lemma 4.2. of [Poo08] . The assumption m > 2l is not used in the proof.
Lemma 2.8 (Singularities of high degree on V). For Q V defined as in Remark 2.2,
Proof. The proof of this claim uses the induction argument used by Poonen in the proof of Lemma 2.6 in [Poo04] , and up to the definition of the polynomials g i , it is similar to the one of Lemma 4.3 of [Poo08] .
We may assume U is contained in A n = {x 0 = 0} ⊆ P n . Dehomogenize by setting x 0 = 1, and identify S d with the space of polynomials S
Let P be a closed point of U . Choose a system of local parameters t 1 , . . . , t n ∈ A at P on A n such that t m+1 = . . . = t n = 0 defines U locally at P , and t 1 = . . . = t m−l = t m+1 = . . . = t n = 0 defines V locally at P . We may assume in addition that t 1 , . . . , t m−l vanish on Z (cf. [Poo08] , Lemma 4.3). By definition, dt 1 , . . . , dt n are a O A n ,P -basis for the stalk Ω 1 A n | Fq,P . Let ∂ 1 , . . . , ∂ n be the dual basis of the stalk of the tangent sheaf T A n | Fq at P . Choose s ∈ A satisfying s(P ) = 0 to clear denominators such that D i = s∂ i defines a global derivation A → A for all i. Then there exists a neighbourhood N P of P in A n such that
* . We can cover U with finitely many N P , so we may assume that U is contained in N P for some P . For f ∈ I ′ d ∼ = I d , the hypersurface section H f ∩ U fails to be smooth of dimension m − 1 at some point P ∈ V if and only if 
By definition of the D i , this subscheme depends only on f 0 , g 1 , . . . , g i .
As in Lemma 2.6 of [Poo04] , one can show that for 0 ≤ i ≤ l−k−1, conditioned on a choice of f 0 , g 1 , . . . , g i for which dim(W i ) ≤ l−i, the probability that dim(
It follows that for i = 0, . . . , l − k we have Prob(dim W i ≤ l − i) = 1 − o(1) as d → ∞ and thus W l−k is at most of dimension k with probability 1 − o(1), which is what we claimed, since W l−k contains the points where H f ∩ U is not smooth.
Proof of Theorem 2.1. We have the inclusions
The first inclusion is clear. For the second, let f ∈ P r . If f is not in P, then by definition, either H f ∩ U is not smooth at some point P ∈ U − V , or dim(H f ∩ U ) sing ≥ k + 1. In the first case, this point P must be of some degree ≥ r, since f ∈ P r , and f ∈ Q medium r ∪ Q high U−V . For the second case, if H f ∩ U is smooth at all points in U − V , then the singular locus of the hypersurface section is completely contained in V and f ∈ Q V . If H f ∩ U is not smooth at some point in U − V , then we are in the first case again.
By Lemma 2.4, 2.6, 2.7 and 2.8,
Results for V not smooth
In the condition on the dimension we will need for the analogue of Theorem 2.1 in the case where V is not smooth, the embedding dimension of a scheme X at a point P will occur naturally. It is defined as e(P ) = dim κ(P ) (Ω 1 X| Fq (P )). Let X e = X(Ω 1 X| Fq , e) be the subscheme such that a scheme morphism f : T → X factors through X e if and only if f * Ω 1 X| Fq is locally free of rank e. Then X e is the locally closed subscheme of X where the embedding dimension of X is e.
The condition on the dimension for V non smooth in the Bertini smoothness theorem (cf. [Wut16] , [Gun15] ) for hypersurface sections containing a closed subscheme is max{e + dim V e } < m instead of 2 dim < dim X for the case V smooth ( [Poo08] ). Hence, one would expect an analogue of Theorem 2.1 in the case V non smooth to hold for max{e + dim V e } ≤ m + k. But using our methods, we cannot prove this exact analogue of Theorem 2.1 where V is not smooth, since we can only bound the dimension of the bad points of high degree in each V e and not in V . The only case that still works is k = 0:
Theorem 3.1. Let X be a quasi-projective subscheme of P n and Y a finite subscheme of P n such that
The proof again uses the closed point sieve. We define P r , Q medium r and Q high U−V as in in the previous section. The proofs for 2.4, 2.6 and 2.7 do not need the conditions on the smoothness or dimension of V , and thus we only have to show the following lemma on singularities of high degree: Lemma 3.2 (Singularities of high degree for V not smooth). Define
Proof. We may assume U is contained in A n = {x 0 = 0} ⊆ P n . As there are only finitely many V e , it is enough to bound the probability that a polynomial gives a singular locus of dimension ≥ 1 if we intersect this singular locus with V e .
Let P be a closed point of V e . Since U is smooth, we can choose a system of local parameters t 1 , . . . , t n ∈ A on A n such that t m+1 = . . . = t n = 0 defines U locally at P . Then dt 1 , . . . , dt n are a basis for the stalk of Ω Proof of Theorem 3.1. As in Section 2, we have the inclusions P ⊆ P r ⊆ P ∪ Q medium r ∪ Q high U−V ∩ Q. By 2.6, 2.7 and 3.2, the error in our approximation is negligible, and Lemma 2.4 yields Theorem 3.1.
